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Accuracy of Critical-Temperature Sensitivity Coefficients
Predicted by Multilayered Composite Plate Theories

Ahmed K. Noor* and Scott Burtont
NASA Langley Research Center, Hampton, Virginia 23665

An assessment is made of the accuracy of the critical-temperature sensitivity coefficients of multilayered plates
predicted by different modeling approaches, based on two-dimensional shear-deformation theories. The sensi-
tivity coefficients considered measure the sensitivity of the critical temperatures to variations in different
lamination and material parameters of the plate. The standard of comparison is taken to be the sensitivity
coefficients obtained by the three-dimensional theory of thermoelasticity. Numerical studies are presented
showing the effects of variation in the geometric and lamination parameters of the plate on the accuracy of both
the sensitivity coefficients and the critical temperatures predicted by the different modeling approaches.

Nomenclature

d; = material and lamination parameters of
the plate

E,, Er = elastic moduli in the direction of fibers
and normal to it

G, Grr = shear moduli in the plane of fibers and

the plane normal to it

h = total thickness of the plate

Ry Py = distances from the bottom and top
surfaces of the kth layer to the
middle plane of the plate (see Fig. 1)

= parameters identifying the numbers of
displacement and strain components
[see Egs. (19), (20), and (23)]

[Kol = linear stiffness matrix of the plate [see
Eqgs. (33)]

= components of the matrix [K] [see
Egs. (A.5)]

= matrices of initial stresses and initial
displacements [see Egs. (33)]

= initial and corrected values of the
composite shear correction factors

[Kolo, Ko, [Kolz
K], [Ka]

kloa k;‘,), kla kZ

L, L, = side lengths of the plate

m, n = Fourier harmonics in the x; and x,
directions

NL = total number of layers of the plate

S9, S8, S% = stress resultants [see Eqs. (25)]

Ter = critical value of 70

T0 = uniform temperature change

19 = initial (prebuckling) stress resultants

[see Eqgs. (25)]

t; (G, j=1,2,3) =stress components [see Egs. (10)]

U, U3, Uy, Uy = transverse shear strain energy densities
obtained from the first-order shear
deformation theory and the
three-dimensional equations,
respectively (see Appendix A)
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= initial (prebuckling) and total
displacements in the x, coordinate
directions [see Eqs. (7)]

Vg, @ = perturbation displacement components

in the x, and x; directions,

respectively [see Egs. (7) and (8)]

0
Ug, Ug

v{, o = perturbation displacement expansion
parameters [see Egs. (19) and (20)]

wo w = initial (prebuckling) and total
transverse displacements [see Egs. (8)}

{X }mn = vector of displacement parameters of
the plate associated with the pair of
harmonics (m, n); see Egs. (33)

Xg, X3 = Cartesian coordinate system

o = normalization factor for the
coefficients of thermal expansion

ay, or = coefficients of thermal expansion of
the individual layers in the direction
of fibers and normal to it,
respectively

€ = infinitesimal

€ eg- = total and initial strain components [see

GJj=12,3) Egs. (9)]

= in-plane, transverse shear, and
transverse normal strains of the plate
[see Eqgs. (13-15)]

= strain expansion parameters [see Eqs.

Ngys 27835 N33

Ny 2053, Mh3

(21-23)]

0 = fiber orientation angle

Yir VTT = Poisson’s ratios for the material of the
individual layers

A= Ty = critical temperature parameter

& ¢ = dimensionless coordinates (see Fig. 1)

T = total potential energy

oy 0 = total and prebuckling stress

Gj=1,2,3) components [see Eqgs. (10)]

Til> T225 T33 = normal stress components associated
with adjacent (buckling) configuration

T125 T135 T23 = shear stress components associated

with adjacent (buckling) configuration

¥; (G, j=1,2,3) =strain components [see Egs. (9)

) and (16)]
vy = strain parameters [see Bgs. (24)]
5, 82 = symbols of first and second variations
6,» =q/ ax,-
Subscripts
B, v 0 =1,2
i j =1,2,3
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m, n = (m, n) Fourier harmonics

L = direction of fibers

T = direction transverse to the fibers
Superscripts

2i, 2i +1 = symmetric and antisymmetric (in-the-

thickness direction) sets of the
response quantities

= symmetric component of the response
quantities in the thickness direction

= antisymmetric component of the
response quantities in the thickness
direction

Introduction

ECAUSE of the variability of elastic and thermal proper-

ties of multilayered composite laminates, an increasing
amount of attention has been devoted to the study of the
sensitivity of their response to variations in material and lam-
ination parameters. Recent studies on the subject include de-
velopment of simple analytic expressions for the derivatives of
various stiffness and thermal coefficients of composite lami-
nates with respect to each of the material properties and fiber

orientation angles of individual layers' and study of the sensi-

tivity of the free vibration frequencies, critical temperatures,
and postbuckling response of multilayered composite plates to
variations in different material and lamination parameters.2*
Although the cited studies have contributed to an understand-
ing of the influence of material and lamination parameters on
the vibration and buckling of thermally stressed plates, they
have not provided any information about the accuracy of the
sensitivity coefficients predicted by two-dimensional multilay-
ered plate theories. Several studies have used two-dimensional
theories for predicting the thermal buckling response of multi-
layered plates: classical lamination theory (see, for example,
Refs. 5-7); first-order shear deformation theory based on
linear displacement variation through-the-thickness of the en-
tire laminate®-!%; and higher-order shear deformation theories
based on nonlinear variations of displacements.!’'? The pre-
sent study focuses on the accuracy of the sensitivity coeffi-
cients calculated by two-dimensional shear deformation theo-
ries. Specifically, our objective is to assess the accuracy of the
critical-temperature sensitivity coefficients predicted by differ-
ent modeling approaches, based on two-dimensional shear
deformation theories. The sensitivity coefficients considered
measure the sensitivity of the critical temperatures to varia-
tions in different lamination and material parameters of the
plate. The modeling approaches considered are based on five
global approximation shear deformation theories and the two
predictor-corrector procedures described in Refs. 13 and 14.
The shear deformation theories differ in the thickness varia-
tion of the in-plane displacements vg and the transverse dis-

T3

t2

T2z
T 21

Three-dimensional
elasticity model

Model 1 (based on first-order
shear detormation theory)

Fig. 1 Laminated anisotropic plates and sign convention for dis-
placements, stresses, and stress resultants.
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placement w, ranging from linear v, and constant « (first-or-
der shear deformation theory) to quintic variation of both vg
and w. The standard of comparison is taken to be the sensitiv-
ity coefficients obtained by the three-dimensional theory of
thermoelasticity.

The composite plates considered herein consist of a number
of perfectly bonded layers which have antisymmetric lamina-
tion with respect to the middle plane. The individual layers are
assumed to be homogeneous and anisotropic. At each point of
the plate a plane of thermoelastic symmetry exists parallel to
the middle plane. The temperature change is assumed to be
uniform (independent of x;, x,, and x3), and the material
properties are assumed to be independent of temperature. All
response quantities are assumed to be periodic in the surface
coordinates. The sign convention for the different displace-
ment components is shown in Fig. 1.

The particular anisotropic laminates, temperature change,
prebuckling state, and periodic response selected in the present
study allowed exact three-dimensional and two-dimensional
solutions to be obtained. Extensive numerical results are pre-
sented showing the effects of variation in the lamination and
geometric parameters of the plates on the accuracy of the
sensitivity coefficients obtained by the different modeling ap-
proaches.

Mathematical Formulation

Figure 1 shows the geometric characteristics of the plate
segment considered as follows: L; and L, are the side lengths
in the x; and x, directions, and # is the total thickness of the
plate. The dimensionless coordinates £y, &, and { are intro-
duced, where

SB =X5/LE (1)
§=xy/h &3]

In Eq. (1), 8=1, 2 and B is not summed.

In the present study the three-dimensional thermoelastic
model is used as the standard for assessing the accuracy of the
two-dimensional models. The fundamental equations of the
three-dimensional thermoelasticity used in the present study
are given in Ref. 15.

In succeeding subsections the three-dimensional relations
governing the prebuckling state, buckling mode, and stability
criterion are listed. The kinematic relations used in developing
the two-dimensional shear deformation theories are given,
along with the associated strain and stress resultant parame-
ters. A procedure is outlined for obtaining exact solutions for
the two-dimensional model equations governing the thermal
response and its sensitivity coefficients.

Prebuckling Displacements and Stresses
The prebuckling displacements and stresses generated by the

uniform temperature rise 7, are assumed to be independent of
x; and x, and can be written in the following form:

ug =0 €)
w=wXT) @
oy = 93,(T°) ®)
0% =0 ©®)

where the superscript 0 refers to the prebuckling state, w’is a
linear function of x3, 8, y =1, 2, and i = 1-3.

The prebuckling displacements and stresses [Eqgs. (3-6)] sat-
isfy all of the fundamental equations of the three-dimensional
nonlinear theory of elasticity within each layer, the equi-
librium and continuity conditions at the interfaces between
layers, and the stress-free boundary conditions at the top and
bottom surfaces of the plate.!® All of the prebuckling stresses
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Table 1 Modeling approaches used in the numerical studies

Total no. of No. of strain

Model Through-the-thickness Constraint conditions displacement  parameters (and
no. Description displacement assumptions on stresses parameters  stress resultants)
1, 1A First-order shear- Linear v, and constant w 733 =0 5 8
deformation theory? Us=1,73=0)
2 First-order theory with Linear v, and w None 6 11
transverse normal stresses (Jg=J3=1)
and strains included
3 Lo-Christensen-Wu Cubic v,, quadratic w None 11 20
type theory Jg=3,J3=2)
4 Higher-order shear Quintic v4 and w None 18 35
deformation theory (Ug=J3=175)
5 Simplified higher-order Cubic v,, constant o 733 = 0 throughout the 743 5 13
theory (Jg=1,/3=0) at top and bottom surfaces
6A, 6B, Predictor-corrector Predictor phase: Linear Predictor phase: 733 =0 5 8
6C approach (see Refs. Vu, cOnstant w Corrector phase: None

14, 18, and 19) Corrector phase:—?P

2In model 1, k¥ = k¥ = 1, and in model 1A, k0= k9 = 5/6.

®In models 6A and 6B the corrector phase is based on adjusting the transverse shear stiffnesses, and in model 6C it is based on correcting the
thickness distributions of v, and ». Model 6B accounts for 0ks/dd,, whereas model 6A neglects these terms (see Appendix A). In models 6A, 6B,

and 6C the initial £ = k9 are selected to be 1.
For the definition of J; and J;, see Egs. (19) and (20).

ag, are linear in 79, and the prebuckling displacement w® is a
nonlinear function of T°. The prebuckling stresses and dis-
placements are obtained from the stress-displacement rela-
tions and the continuity conditions at layer interfaces.!®

Buckling Mode

The buckling mode is assumed to correspond to an adjacent
configuration with the following values of displacements:

Ug = llg + evg @)
w=wl+ew 8)
where € is an infinitesimal; vg and w are the perturbation

displacement components. The resulting strains and stresses
have the following form:

€ = eg- + eny + €Yy ©)
oy = ?j + ety + €2ty (10)
where
€, =€ =0 an
€33 = 03w0 + V5(8;w0)? (12)
gy = Y2(Bgv, + 3,Vg) 13)
ngs = V2[83v5 + (1 + 33w %3] a4
133 = (1 + 33w s)
Vo, = ¥2(3gV, 9,V, + dpw 3,0) (16)
domo  B=rei Gj=1%By.p=1,2
dxg 9x;

and the repeated index g in Eqs. (16) denotes summation over
the range 1, 2. Note that the expressions for g3, ¢33 in terms
of the displacement gradients are not given since they are not
needed in the present analysis. The same applies to the stress
components ;. The displacement components vz and w, the
strain components 7;, and stress components 7; will hence-
forth be referred to as the perturbation displacements, strains,
and stresses, respectively.

Stability Criterion

The Trefftz stability criterion states that the transition from
stable to unstable equilibrium occurs when the second varia-
tion of the total potential energy of the plate is stationary, i.e.,

8(8*r) =0 a7

where

&7 = “ (7'571]3.), + 27531][33 + 73333 + 20’2,}/1&,37) dv (18)
1 4

and where = is the total potential energy of the plate, § and 8%
are the symbols of first and second variations, and V is the
volume of the plate. The repeated index v in Eq. (18) denotes
summation over the range 1, 2.

Displacement and Stress Resultant Expansions
for the Two-Dimensional Models

The - two-dimensional shear-deformation theories consid-
ered herein are based on global displacement expansions in the
thickness coordinate x;:

J8

Vg = go v X (oY 19)
J3

w= Y, o x () 20)
j=0

where the number of terms in the vz and w expansions are
Js+ 1and J; + 1, respectively, and v¥), «) are functions of x,
and x, only.

The strain expansions consistent with Eqgs. (19) and (20) are

Jg .
Ngy = ;o ) X sy 2D
N33 = 'Eo 19} X (x3 (22)
=
7
ng3 = ‘EO 1 X () (23)
I
and
2‘7 .
Yoy = 20 Y X (x3) (4)
=

where J = max(J; — 1 and J3), and the strain parameters n3),
153, 183, and y§) are functions of x; and x, only.
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Fig. 2 Effect of lamination and geometric parameters on the critical-
temperature sensitivity coefficients obtained by the three-dimensional
thermoelasticity model.

The perturbation and initial stress resultants, associated
with the strain parameters n), 1%, %}, and ¢}, are defined as
follows'4:

Sgy | h Toy
Sﬁ:; NL % T53 .
= X (Y dxz (25)
S13 k=1 Jne_y | 733
0 0
T, Ty

where j =0, 1,...; hx_; and h; are the distances from the
bottom and top surfaces of the kth layer to the middle plane
of the plate; NL is the total number of layers; and piecewise
integration is used because of the discontinuity of the stresses
at layer interfaces. The number of stress resultants is equal to
the number of strain parameters in the theory [which is a
function of the number of displacement parameters in the
expansion, i.e., the values of J; and J; in Egs. (19) and (20)].

First-Order Shear Deformation Model

Note that the first-order shear deformation plate model
corresponds to Jy=1 and J;=0. The five displacement
parameters of this model are v{”, v, and v§". The associated
eight strain parameters and stress resultants are %), 1%, 75
55, 88, and SQ (8, v = 1, 2) (see Fig. 1).

Symmetric and Antisymmetric Components of Response Quantities
and Their Trigonometric Expansions

To obtain analytic solutions, each of the plate variables is
decomposed into symmetric and antisymmetric components in
the thickness coordinate and is expressed as the sum of prod-
ucts of trigonometric functions in the Cartesian surface coor-
dinates. The trigonometric functions are chosen so that the
displacements, strains, and stress resultants are periodic in x;
and x, with periods 2L, and 2L,.

The following expressions are used for the perturbation
displacement components and stress resultants.!*

Symmetric response quantities:

v, )@ Vf,z,,?, sin mw§, cos nwé,
vy =Y, Y $ v cos mat; sin nxt, (26)
m=0n=0 b o .
w Wy Sin mé, sin nwé,
(29
Sll S”mn @
Sy, =Y Y {8, cos mw§; cos nwky,  (27)
m=0n=0

Sa3 S33

mn,

@)

S 8§ sin mw§, cos nwé,

Si3 =Y ¥ S5 cos mrf, sin nxé, (28)
=0 n=0 . ,

Sy metn 83 sin mxk, sin nwf,

Antisymmetric response quantities:

vy )@+ vi#*+D cos mwg sin nwk,
Vs =Y X §v¥*Dsin mn§, cos nwk, 29)
m=0n=0 2i+1)
@ it cos mwg) cos nwéy
@i+ _
Sy S, 0
S» =Y X §Sn, sin mx£, sin nwé, (30)
m=0n=0
S33 533,
Q@i+ 1) '
S» SE+Y cos mwk sin nwéy
S13 = E E Sl(gi,,: D sin m7r£1 COSs n1r£2 (31)
—0n=0 !
Siz meon S3*D cos mwky cos nwky

The displacement expansions [Eqgs. (26) and (29)] are periodic
in x; and x, with periods 2L, and 2L, and satisfy the following
conditions on the middle plane (x; = 0):

at x;=0, Ly, u1=w=0

(32)

at x,=0, L,, u=w=90
The expansions of the strain parameters are similar to those of
the corresponding stress resultants.

Governing Equations for the Two-Dimensional Models

The governing displacement equations are obtained by us-
ing Eqs. (19-25) in conjunction with the stability criterion [Eq.
(17)] and replacing the perturbation stress resultants by their
expressions in terms of the displacement parameters,'* and
then replacing the displacement parameters by their trigono-

8 Model
14— 18— 3
© ° =1
a
13 1 ° 16— :
IS
12 — 14 3
Tef T, e f3Tgr
a/ Sloract CLS aEL Joxact Z
(R 12 "
2 'S
1.0 10 —%
a 1 | i} 8
22 — 0 =
o v
20— ©
o o
181
o
161 8-
e /ﬂg l : oTy /ﬂT
3CT/8G1T lowmer 4 4| 3Gy [3GTT lexact , a
12—
s
10
A S —
s I I | s
18— 13
°
1.6 [~ ©
12— o
o .
14—
Ty [3Te, My 3Ty .
301/ O {exact 307/ 307 |gxacy
v /
8 10 1
1.0 g
s | I ] o ) | |

o .05 10 A5 o 05 10 15
hiLy hil.y

Fig. 3 Effect of thickness ratio, #/L1, on the accuracy of the critical
temperatures and the sensitivity coefficients obtained by the different
models listed in Table 1. Ten-layered antisymmetrically laminated
angle-ply composite plates, § =45 deg, m =n = 1.
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metric expansions [Egs. (26) and (29)]. For antisymmetrically
laminated plates, the governing equations uncouple in har-
monics. For each pair of harmonics, m and #z in the x; and x,
directions, the governing displacement equations can be writ-
ten in the following compact form:

[([Kolmn + MKilmn + [KaN)ln1{X Y un = 0 (33)

where {X},, is the vector of displacement parameters véfm,
wd s A= T, is the critical temperature parameter; oq IS @
normalization factor for the coefficients of thermal expan-
sion; [Kyl,u, is the linear stiffness matrix of the plate; [K],., is
the matrix of initial stresses, which is independent of the
temperature parameter; and [K3l,,, is the matrix containing
the initial displacement w° (a nonlinear function of A).

Sensitivity of the Thermal Buckling Response to Variations in Lami-
nation and Material Parameters

The expressions for the sensitivity coefficients of the critical
temperature parameter \, with respect to the lamination and
material parameters, d;, of a composite plate are given by

2 dlKo] |, 8IKi] | 9lK3]
ad,—(X}’( 2d, +A 5, + ad,>{X}
7EX ) x ([le + [%])(X} (34)

Analytical expressions are given in Ref. 1 for the laminate
stiffnesses and thermal coefficients and their derivatives with
respect to each of the material properties and fiber orientation
angles. The evaluation of 3[K,l/dd; and 9{K,]}/dd, in the pre-
dictor-corrector procedures is described in Appendix A.

Numerical Studies

To study the effect of variations in the material characteris-
tics and fiber orientation of individual layers on the accuracy
of the sensitivity coefficients obtained by different modeling
approaches, a large number of thermal buckling problems of
multilayered composite plates have been solved. For each
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Fig. 4 Effect of fiber orientation angle on the critical temperatures
and the sensitivity coefficients obtained by the different models listed -
in Table 1. Ten-layered antisymmetrically laminated angle-ply com-
posite plates, #/L1 = 0.1
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Fig. 5 Effect of 7/L1 and 6 on the accuracy of 7/90 obtained by
the different models listed in Table 1. Ten-layered antisymmetrically
laminated angle-ply composite plates. a)m =1, n =2;b)m =n = 1;
om=L,n=1landm=1,n =2,

problem the critical temperature and the sensitivity coeffi-
cients obtained by nine different models were compared with
those obtained by the three-dimensional theory of thermoelas-
ticity. The method of obtaining the three-dimensional solu-
tions is outlined in Refs. 15-17. The modeling approaches are
listed in Table 1. The first six are based on two-dimensional
shear deformation theories and differ in the thickness varia-
tion of v, and w as follows: first-order shear deformation
theory based on linear variation of v, and constant w. Two
different values of the composite shear correction factors are
used, namely, 1 and 5/6 (models 1 and 1A); first-order theory
based on linear variation of v, and « (model 2); higher-order
theory based on cubic variation of v, and quadratic variation
of w (model 3); higher-order theory based on quintic variation
of v, and w (model 4); and a simplified higher-order theory
based on cubic variation of v, and constant w with the condi-
tions of zero transverse shear stresses imposed at the outer
surfaces of the plate to reduce the number of generalized
displacement parameters (model 5). The remaining three mod-
els (models 6A, 6B, and 6C) are based on predictor-corrector
procedures. The three models use first-order shear deforma-
tion theory in the predictor phase, but differ in the elements of
the computational model being adjusted in the corrector
phase. The corrected quantities in the models are then used in
conjunction with the three-dimensional equations to obtain
better estimates for the critical temperature and the sensitivity
coefficients. Models 6A and 6B calculate a posteriori estimates
of the composite correction factors k, and use them to adjust
the transverse shear stiffnesses of the plate. Model 6B ac-
counts for dk,/dd;, whereas model 6A neglects these terms
(see Appendix A). Model 6C calculates a posteriori the func-
tional dependence of the displacement components on the
thickness coordinate and uses these as coordinate functions in
the Rayleigh-Ritz approximation of the three-dimensional
equations.
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Fig. 6 Effect of lamination and geometric parameters on the sensi-
tivity coefficients of the shear correction factors. Ten-layered anti-
symmetrically laminated angle-ply composite plates. In the left three
figures m = n = 1, except for the case § = 15 deg m = 1, n = 2. Solid
lines and dashed lines are used for ky and k3, respectively.

The composite plates considered in the present study are
square angle-ply laminates having antisymmetric lamination
with respect to the middle plane with fiber orientation alter-
nating between + 6 and — 6 and with L, =L, =1.0. The
thermal buckling responses are assumed to be periodic in x;
and x, with periods 2L, and 2L,.

The material properties of the individual layers are taken to
be those typical of high-modulus fibrous composites, namely,

EL/ET - 15, GLT/ET = 0.5, GTT/ET = 0.3356
Vi = 03, Vrr = 0.49
aL/(!():0.0]S, OZT/(X()= 1.0

where the subscript L refers to the direction of fibers, and the
subscript T refers to the transverse direction; v; 7 is the major
Poisson’s ratio; and «j is a normalization factor for the coef-
ficients of thermal expansion. The temperature is assumed to
be uniform. Only the lowest critical temperatures and the
associated sensitivity coefficients are considered.

Three parameters are varied: the fiber orientation angle of
the individual layers 6, the number of layers NL, and the
thickness ratio of the plate #/L,. The thickness ratio was
varied between 0.01 and 0.15, the number of layers was varied
between 2 and 20, and § was varied between 0 and 45 deg.
Typical results are shown in Figs. 2-6 and are discussed subse-
quently.

The effects of variation of the three parameters 2/L, 6, and
NL on the sensitivity coefficients d7.,/dd; and 97./36, ob-
tained by the three-dimensional theory of thermoelasticity, are

shown in Fig. 2, where d, refers to any of the material proper-
ties £; , E7, Gir, Grr, o, or ar. The sensitivity coefficients
are normalized by dividing each by the corresponding critical
temperature T, and for d7,./dd; by multiplying each deriva-
tive by d;. For thin plates (#/L,<0.05), the critical tempera-
ture is more sensitive to variations in E; , E7, ar, and ¢; than
to variations in other material properties (viz., Gy 7 and Grr).
As h/L, increases to 0.15, T, becomes sensitive to variations
in the shear moduli G, and Gy as well. The sensitivity
coefficients 07T,,/0Ey, 0T.,/38Grr, and dT../day increase with
the increase of both #/L, and 8; dT../dG, r increases with the
increase in increasing #/L, but decreases with increasing 6.
The sensitivity coefficient d7,,/dd; decreases with the increase
in both #/L, and 0; and 87, /dE, is insensitive to variations in
h/L; and increases with increasing 0. The sensitivity coeffi-
cient 97./00 increase with increasing NL, and for 30
deg <0< 45 deg these coefficients increase with increasing 4/
L. Note that the discontinuities in the plots for the sensitivity
coefficients vs 6 is due to the changes in the buckling mode and
are located at the values of ¢ for which these mode changes
occur.

An indication of the accuracy of the minimum critical tem-
perature and the associated sensitivity coefficients obtained by
the models listed in Table 1 is given in Figs. 3-5. In Fig. 3 the
ratios T/ Ty, and (87/9d))/(0T¢/ 3d}) | exact are plotted vs
h/L,, and in Fig. 4 they are plotted vs 6. In Fig. 5 plots are
shown of the ratios (37,,/96)/(8T ./ 30) | exaee VS B/ L, for 8 = 15
and 30 deg as well as the same ratios vs 8 for #/L; = 0.1. The
discontinuities in the plots shown in Figs. 4 and 5 are due to
modal changes. An examination of Figs. 3-5 reveals the fol-
lowing:

1) In general, the sensitivity coefficients d7,/dd, predicted
by the different models are less accurate than the correspond-
ing critical temperatures, 7. This is particularly true for
medium thick plates with #/L; = 0.10. Exceptions to this are
the sensitivity coefficients predicted by the predictor-corrector
models 6B and 6C, which are nearly as accurate as the critical
temperature predicted by the same models.

2) For d,=E,, «,, and oy the variation of (37T./dd;)/
0T/ 8d;) ) exaee With A/L; is qualitatively similar to that of
T/ Ty, (S€€ Figs. 3 and 5). The same is true for the variation
of 8T/3«a; and 0T,/dar with 0 (see Fig. 4). Specifically,

a) The predictions of Model 2 are the least accurate among
the models considered.

b) The sensitivity coefficients predicted by model 1A are
as accurate as those predicted by model 5 and are considerably
more accurate than those predicted by model 1.

¢) The accuracy of 37,/dd, obtained by model 3 is com-
parable to that of model 4 and is higher than the accuracy of
dT,./dd, obtained by other models, based on two-dimensional
theories.

d) The sensitivity coefficients obtained by the predictor-
corrector procedures, models 6B and 6C, are very accurate for
all of the ranges of the parameters considered.

3) For 8 = 15 deg the sensitivity coefficients d7,,/0G, rand
dT./3Grr obtained by models 3 and 4 are considerably less
accurate than the other sensitivity coefficients obtained by the
same models.

4) The use of model 6A in which variations of the compos-
ite correction factors with d;, dkg/dd; (8 = 1, 2) are neglected
results in reasonably accurate sensitivity coefficients with re-
spect to the fiber orientation angle 6, as well as with respect to
all the material parameters other than the shear moduli G, r
and Grr (see Figs. 3 and 4). The accurate prediction of 47,/
3G, and dT,/3Grr requires the incorporation of dksz/dd, in
the expressions of the sensitivity coefficients (see Appendix
A). As can be seen, this is because dk;/36 are very small, and
for 6 = 15 the values of dkz/dGr and dkg/dGrr are one order
of magnitude higher than the other derivatives of kg (see Fig.
6). Note that dkz/dG, 7 is of opposite sign to dkg/0Grr. Both
derivatives increase with increasing 6 and are relatively insensi-
tive to variations in h/L,.
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The aforementioned observations point to the fact that the
accurate prediction of the sensitivity coefficients requires the
use of more accurate computational models than the response
predictions. The predictor-corrector procedures provide inex-
pensive and effective modeling approaches for evaluating both
the various response quantities, as well as their sensitivity
coefficients.

Concluding Remarks

An assessment is made of the accuracy of the critical-tem-
perature sensitivity coefficients obtained by nine different
models. Six of the models are based on two-dimensional shear
deformation theories. The remaining three are based on pre-
dictor-corrector procedures. The standard of comparison is
taken to be the analytic sensitivity coefficients obtained by the
three-dimensional theory of thermoelasticity.

The six two-dimensional models differ in the thickness vari-
ation of the displacements vz and w as follows: first-order
shear deformation theory based on linear variation of v and
constant w; two different values of the composite shear correc-
tion factors are used with these models (namely, 1 and 5/6);
first-order theory based on linear variation of both vz and w;
higher-order theory based on cubic variation of v; and
quadratic variation of w; higher-order theory based on quintic
variation of v; and w; and a simplified higher-order theory
based on cubic variation of v; and constant  with the condi-
tions of zero transverse shear stresses imposed at the outer
surfaces of the plate to reduce the number of generalized
displacement parameters.

The three models based on predictor-corrector procedures
use first-order shear deformation theory in the predictor
phase, but differ in the elements of the computational model
being adjusted in the corrector phase. The first procedure
calculates a posteriori estimates of the composite correction
factors and uses them to adjust the transverse shear stiffnesses
of the plate. The second model, in addition to calculating a
posteriori the composite shear correction factors, takes into
account the derivatives of these correction factors with respect
to each of the material and lamination parameters. The third
procedure calculates a posteriori the functional dependence of
the displacement components on the thickness coordinate.
The corrected quantities are then used in conjunction with the
three-dimensional equations to obtain better estimates for the
different sensitivity coefficients.

Extensive numerical results are presented for multilayered
antisymmetrically laminated plates showing the effects of vari-
ation of the geometric and lamination parameters on the accu-
racy of the critical-temperature sensitivity coefficients ob-
tained by different models. On the basis of the numerical
results the following conclusions are justified:

1) The sensitivity coefficients predicted by the different
models are, in general, less accurate than the corresponding
critical temperatures. This is particularly true for medium
thick plates with #/L, = 0.10.

2) The accuracy of both the sensitivity coefficients and the
critical temperatures predicted by the first-order shear defor-
mation theory is strongly dependent on the values of the
composite correction factors. The use of the value of 5/6 for
composite correction factors results in comparable accuracy to
that obtained by the simplified higher-order theory.

3) Although the critical temperatures predicted by the
higher-order shear deformation theories are fairly accurate for
a wide range of geometric and lamination parameters, the
corresponding sensitivity coefficients are not as accurate. This
is particularly true for the coefficients with respect to G, 7 and
GTT'

4) The predictor-corrector procedures appear to be very
effective procedures for the accurate determination of the
sensitivity coefficients, as well as for the critical temperature
and detailed thermal buckling response characteristics of mul-
tilayered plates. The accuracy of the sensitivity coefficients
obtained in the first (predictor) phase for laminates with thick-

ness to wavelength (of the deformation) ratio of the order of
0.1 may be unacceptable. However, the corrector phase im-
proves the predictions substantially and results in highly accu-
rate sensitivity coefficients. This is true for the procedure that
incorporates the coefficients of the composite correction fac-
tors, as well as for the procedure based on calculating a
posteriori the functional dependence of the displacements on
thickness coordinates. The latter procedure works well even
for thick laminates with thickness-to-wavelength ratio >0.15.

Appendix A: Evaluation of the Composite
Correction Factors and 9[K,]/dd, in the
Predictor-Corrector Procedures

In models 6A and 6B, a posteriori estimates of the compos-
ite shear correction factors are calculated by equating the
integrals of the transverse shear strain energy densities (energy
per unit area of the middle plane) obtained from the first-
order shear deformation theory to those obtained by integrat-
ing, through the thickness, the corresponding energy per unit
volume, obtained from the three-dimensional equations.'®!®
The formulas for evaluating &, and k, can be written in the
following form:

kU3 = ((DPUY (Al)
kU = (k02U (A2)

where U%, U, and U3, U,; are the transverse shear strain
energy densities (energy per unit area of the middle plane)
obtained from the first-order shear deformation theory and
the three-dimensional equations, respectively; k{, k¥ and &,
k, are the initial and corrected estimates of the composite
shear factors. The expressions for U§3, U (8 =1, 2) in terms
of the stress resultants, stresses and strain components are

given by
Ko po 1(S© % 2,@
{ i) 1)3} _Z 1(3) 77103 (A3)
ky Uy 2(S9 x 209
U N e (% (2
{_13} > § _{713 (2113) dx; (A4)
Uns) k=1 g, 20723 X (2123)

For antisymmetrically laminated plates the two matrices
[Ko] and [K;] in the governing equations of the plate [Eqs.
(33)] can be written as the sum of three matrices as follows:

[Ko] = [Kolo + k1[Ko]y + Ka[Kola (A3)
and

(Ko = [Kalo + ki[Koli + Kol Kol (A6)

where [Kylo and [K;], contain the extensional and bending
stiffnesses of the plate; [Koli, [Kol2, [K3]1, and [K3]; contain
the transverse shear stiffnesses of the plate.

The derivatives of [K,] with respect to d; can therefore be
expressed as follows:

d[Kol  8[Kolo a[Kol, Ko, Ok,
= +k + k +— K
ad, ad, ' ad, > ad,  od, (Kol
+ % Kol (A7)
ad, ol

with a similar expression for 3[K,]/dd;.

The derivatives of the composite shear correction factors
with respect to d; are obtained by differentiating Egs. (A1) and
(A2). The resulting expressions are

ok, [ U 8l |
R ot Ry 3 U (A8)
ad, Y, T "Vad, | T"
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ak;

9% _ 2
2% [<k2°>

UL Uy
-k U- A9
ad, 2 3d, 23 (A9

Note that in model 6A the derivatives dk,/dd,; and dk,/dd, are
neglected.
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